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Iterative Least-Squares Calculation for
Modal Eigenvector Sensitivity
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There are a number of applications where the sensitivity of eigenvectors with respect to physical parameters is
desired. We develop an iterative solution scheme for calculating the eigenvector sensitivity in which only the lowest
eigencharacteristics are required. It uses a least-squares formulation for the eigenvector sensitivity including the
relation from the basic eigenvalue problem and the orthogonality and normality conditions with respect to the
mass matrix. The iterative scheme uses the band structure of the stiffness matrix and an efficient use of the
Householder transformation to reduce the number of calculations. Since only the lowest eigensolutions are used
in the formulation, it is applicable to situations where only a partial eigensolution of the lowest eigenvectors
and eigenvalues is available. The eigenvalues are assumed to be distinct and only the first-order variation is
calculated. The stiffness matrix is assumed to be nonsingular and a Choleski decomposition of the stiffness matrix is
required, but this is the only large matrix that needs to be decomposed. The least-squares solution to the eigenvector
sensitivity is shown to reduce to the modal expansion method when appropriate weights are incorporated. From
this expression, we show why the modal expansion is not always adequate for eigenvector sensitivity and give a
criterion for evaluating this method in a given application.
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Nomenclature
matrix used in least-squares representation of
eigenvector sensitivity
terms used in modal expansion of eigenvector
sensitivity
scalar used in Nelson technique
matrices used in Householder modification to
iterative procedure
matrix of vectors used in &th eigenvector
sensitivity
diagonal matrix and its z'th diagonal element
vectors used for sensitivity of eigenvectors
transpose of K
inverse of K
stiffness and mass matrices, respectively
number of terms in the modal expansion or
the normalization term
ratios of terms in modal expansion method
order of matrix system
parameter
matrices used in Householder representation
of eigensensitivity
scalar and diagonal weight of normality and
orthogonality conditions
vectors used to represent parts of eigenvector
sensitivity
correction vector of eigenvector sensitivity at /
iteration
matrix of eigenvectors, i.e., mode shapes
mode shape of vibration

= diagonal matrix of square of eigenvalues, i.e..
resonant frequencies

= natural frequency of vibration and elements
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Introduction

W ITTRICK1 gave an early formulation of the sensitivity of
the buckling load and the resonant frequencies of structural

systems that were a function only of the particular eigenvalue and its
eigenvector. Fox and Kapoor2 gave an algebraic method to calculate
the eigenvector sensitivity incorporating the normality constraint for
symmetric matrix systems. Plaut and Huseyin3 extended it to non-
self-adjoint systems, and Wang4 accelerated the convergence by
adding a static solution. Rudisill5 later developed expressions for
higher order derivatives. These algebraic techniques require all of
the eigenvalues and eigenvectors of the system, however, rendering
it prohibitive in models with thousands of degrees of freedom where
partial eigenvalue solvers are used to get the lowest frequencies and
mode shapes of vibration. For large matrix systems, it is expensive
to obtain all of the eigensolutions.

Thus techniques that do not require all of the eigenvalues and
eigenvectors are preferable. Fox and Kapoor2 also developed such a
technique that is iterative in nature and that included the normality
condition. The eigenvector derivative for the first eigenvalue de-
pended only on the first eigenvalue and its eigenvector. Though it
converged for the first eigenvalue, it did not always converge for the
higher eigenvalues.

Rudisill and Chu6 incorporated orthogonality conditions in this
iterative scheme and observed that the iterative solution converged
even for higher modal vectors when orthogonality conditions were
incorporated. Andrew7 showed convergence of this iterative method
under fairly general requirements. This iterative technique, however,
yielded a matrix that altered the band structure of the original mass
and stiffness matrices.

Nelson8 developed an exact technique that maintains the symme-
try and band structure of the original system but required a decom-
position at each eigenfrequency for which sensitivity is required. It
does not incorporate the orthogonality conditions, however. Murthy
and Haftka9 have demonstrated that a normalization in which one
element has a fixed amplitude is better than a normalization based
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on the length of the vector, particularly for complex eigenvec-
tors. Cardani and Mantegazza10 extended Nelson's technique to the
quadratic eigenvalue problem for flutter and divergence eigenprob-
lems. Ojalvo11 proposed both a direct and an iterative version of
Nelson's method and proposed an extension of it for problems with
repeated eigenvalues. As in Nelson's method, a Choleski decompo-
sition of each n x n matrix K — co2M is needed for all co2 for which
sensitivity is required.

Using a least-squares formulation we demonstrate why the modal
expansion method is in general not adequate for eigenvector sensi-
tivity calculations. We give a criterion with which the expansion can
be evaluated. Next, we extend the iterative formulation of Rudisill
and Chu6 in a least-squares context weighing both normality and
orthogonality conditions. The resulting equation is solved in an it-
erative fashion. The mass and stiffness matrices are assumed to
be symmetric, the stiffness matrix is further assumed to be non-
singular, and the eigenvalues are assumed to be distinct. The use
of Householder's transformation makes this iterative approach effi-
cient. Thus, only one large matrix, the stiffness matrix, needs to be
decomposed. The sensitivity for the kth eigenvector is expressed in
terms of the ^-lowest eigencharacteristics, and there is no need to
incorporate the higher modes. Thus, it is applicable to large matrix
systems with partial eigensolutions. Furthermore, we give a criterion
on the minimum weight to use for the orthogonality and normality
conditions to assure convergence of the method.

Eigenvector Sensitivity
The eigenvalue problem is of the form

[K - co2M](/> = 0 (1)

The stiffness K and mass M matrices are n x n matrices assumed
to be symmetric:

M1 = V1 VA = A (2)

where the superscript' represents the transpose of the matrix.
In addition, the stiffness matrix is assumed to be positive definite,

and it is assumed that the eigenvalues &>2, which are the squares of
the resonant natural frequencies, and corresponding eigenvectors 0,
which are the mode shapes of vibration, are distinct; i.e., the roots
are not repeated.

Taking the partial derivative of the previous equation and applying
a premultiplication by the transpose of the eigenvector yield the
equation for the sensitivity of the eigenvalue

dco2 c/)f[(dK/dp) - co2(dM/dp)](t) \oK 2 d M ~
= 0 T~~^ T~[dp dp

in which the following normality constraint has been used:

0

(3)

(4)

The first-order derivative of the eigenvalue problem, Eq. (1), gives
the eigenvector sensitivity

dp
—
9p

-^ = / = - - - -M 0 (5)
dp

The matrix on the left-hand side is singular with rank equal to n — 1 .
The normality condition gives us the additional condition required
to make the sensitivity calculation unique. Applying chain rule dif-
ferentiation to Eq. (4) gives

dp (6)

Equations (5) and (6) were formulated by Fox and Kapoor.2 It should
be noted that this method does not include the orthogonality condi-
tions, which are automatically satisfied by the exact eigenvectors.

Nelson Method
Nelson8 gave an exact method for solving the eigenvector sensi-

tivity based on expanding the sensitivity as a sum of a multiple of
the particular eigenvector being considered plus an additional vector
which is M orthogonal to the vector under consideration,

90—
dp
— = a(t> + z (7)

The mth term of the vector z, normally the term with the largest
eigenvector amplitude, is set equal to zero to avoid singular sensi-
tivity matrices:

Zm = ( (8)

The original matrix system for the eigenvector sensitivity can
then be modified to be a nonsingular matrix equation that replaces
the mth equation, which was a linear combination of the other
n — 1 equations, thus rendering the original system singular. The
new matrix is of the form

o}2Mn 0 Kn-a)2Mu

0 w 0
co2M2l 0 K22 - o)2M22

Zm

Z2

(9)

where w is an appropriate weight to scale the normalization equa-
tion, zm = 0, to the same order as the other equations; i.e., the matrix
K — a)2M is modified to have a zero column and row except for the
mth diagonal element that forces the mth component of the vector
z to be zero. The matrix system is banded but nevertheless necessi-
tates a considerable amount of computer effort when sensitivity of
more than one eigenvector is needed, since it must be decomposed
for each resonant frequency for which the eigenvector sensitivity is
of interest. The parameter a in Eq. (7) is obtained from the normality
condition, Eq. (4):

1 £J A/f

a = --</>'——</> - 4>'Mz2 op
(10)

Modal Expansion Method
Since the eigenvectors are independent and span the space, the

eigenvector sensitivity of the kth eigenvector can be expanded as a
sum of the eigenvectors, i.e.,

dp (11)

which, when substituted into Eq. (5) and premultiplied by the trans-
pose of the yth modal shape, gives for j not equal to k (see Fox and
Kapoor2)

(12)
co-a)

The term j = k is obtained from the sensitivity of the normality
condition, Eq. (6):

= --0£——0*2 op
(13)

Accelerated Modal Method
To accelerate convergence, the eigenvector sensitivity can be writ-

ten as a sum of a static component x for Kx = /, and a modal
expansion, which leads to4

90* =jc

dp Xk
J — *

in which the static solution satisfies

Kxk = fk

(14)

(15)
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The term Bkj for k not equal to j is given by

(16)

The term with j = k is again obtained from the sensitivity of the
normality condition, Eq. (6), and is the same as the earlier expres-
sion, Eq. (13). For k less than j, the coefficients Bkj are multiplied
by a ratio less than 1, thus accelerating convergence, leading to bet-
ter results with fewer terms than the procedure without the static
solution. The stiffness matrix K needs to be decomposed for the
static solution Kxk — fk only once, but the corresponding static so-
lutions need to be solved for each eigenvector for which sensitivity
is sought. Wang4 further extended this method to accelerate conver-
gence by introducing a residual static mode where contributions of
the lower modes are subtracted from the static mode.

Orthogonality Conditions
The orthogonality of the eigenvector with the other k — 1 lower

eigenvectors when taken with respect to the mass matrix can also
be integrated with the original system in addition to the normality
constraint

0;M0 = 0 for i = 1,2, . . . ,*-! (17)

The following set of equations are obtained by differentiating the
normality, Eq. (4) and orthogonality conditions, Eq. (17),

dp
[-M

M
(18)

__ Vk-l
'*-' dp dp

1 ,,9M
dp

in which c' is the transpose of a rectangular matrix c, which is
composed of the k eigenvectors and has dimensions n x k

c = [0i • • • 4>k~\ 0] (19)

The combined solution to Eqs. (5) and (18) may be written in a
least-squares sense as

in which

-m »[;]
where U is given by the following:

U = Mc

(20)

(21)

(22)

The symmetric system, Eq. (20), must be solved for each eigenvalue
considered. Also, the band structure of the original matrix system is
destroyed by the least-squares formulation. As will be demonstrated
later, however, the Householder decomposition will be used to avoid
the decomposing of the matrix A'A.

Modal Least-Squares Method
Since K and M are symmetric, Eqs. (5) and (18) can be added dif-

ferently and still lead to a symmetric matrix. When the derivatives of
the normality and orthogonality conditions, Eq. (18), are weighted,
the sum of the two equations appropriately rendered symmetric may
be written as

[K - co2M + UWU'] — = hdp (23)

in which U is given by Eq. (22) and W is a diagonal weighing
matrix. The vector h is given by

UWg (24)

in which / is given in Eq. (5) and g is given in Eq. (18). The stiffness
and mass matrices can be reformulated in terms of the matrix of
eigenvectors O due to the orthogonality conditions with respect to
the stiffness and mass matrices

= /

M =
(25)

where — T is the inverse of the transpose matrix. The orthogonality
and normality conditions may also be written in terms of the matrix
of eigenvectors ® and a diagonal matrix, which is a function of the
weights,

UWU' = McWc'M =

in which the following fact has been used:

®~lc = O"1 [0i 02 • • • 0*] =

Substitution of Eqs. (25) and (26) into Eq. (23) yields

_r _ i 9 0 _d> DCD — =

(26)

(27)

(28)

in which D is a diagonal matrix with diagonal elements given as

-o>2 + Wi for i = l ,2, ...,k
-co2 for z = £ + 1 , . . . , Hda = (29)

The solution to the preceding for a diagonal weighing matrix W
may be written down in modal form as

dp
v^0;&

= Y^ ——0; (30)
,- = i ^

Modal Expansion Formulation
Substituting the value for h, /, and U, Eq. (30) becomes

30

J * , W _ ! _ ! ^ -L. ^M ^dC°\*x < McWg + ——— + co —— + ——M^ 6 ' dp dp dp (31)

When the orthogonality conditions are omitted, i.e., their weight
is set equal to zero, and the normality condition is weighted by one,
there results for <j> = fa

-\r
3M

in which

4- =
for i = k
for i < k

(32)

(33)

This is exactly the same result presented earlier in Eqs. (11-13)
for the modal expansion technique. Therefore, the modal expan-
sion technique is a subset of the least-squares technique in which
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the orthogonality constraints are not included and the normality
constrained is weighted by the value 1.

The advantage of the least-squares technique is that it integrates
the orthogonality conditions automatically into the procedure. This
is particularly useful for large systems for which a subset of the
eigenvectors are available rather than the whole set and a truncated
modal expansion must be used in evaluating the eigenvector sen-
sitivity. Although the theoretical eigenvectors automatically satisfy
the orthogonality conditions, the vectors used in an iterative process
do not. Imposing the orthogonality conditions in addition to the nor-
mality conditions forces the vectors to satisfy both normality and
orthogonality.

Truncated Modal Expansion
Equation (30) is exact when all of the terms in the summation

are taken but is approximate when the number of modes used in
the expansion, m, is less than n, the order of the matrix system.
Unfortunately, the modal method described does not imply that the
terms associated with the higher order mode shapes are smaller than
those associated with the lower mode shapes. This can be easily
shown by comparing the norm of the added term from the mth
eigenvector to that of the value obtained from the m — I eigenvectors.
From Eq. (30), the length of the added term divided by the length
of the vector with the m-lower terms is

\((t>'mh/dmm}(t)m\
(34)

The denominator is zero when the vector h is orthogonal to the
m — 1 lowest eigenvectors, thus making the mth term arbitrarily
large. Since h is in general arbitrary, the modal representation of the
eigenvector sensitivity is not to be recommended since a term left
out could be the dominant term, i.e., when h is a linear combination
of the mode shapes left out in the expansion.

An alternate ratio can be used to ascertain whether or not the
modal expansion is adequate or not. In particular, h can be expanded
as a function of the eigenvectors

(35)
7 = m + 1

The y th coefficient may be obtained by a Gram-Schmidt procedure
with a premultiplication by the y'th eigenvector and either the mass
M or stiffness K matrix, with respect to which the eigenvectors are
orthogonal,

- = fi.Mh (M-norm)
>y- J

- — J (^f-norm)

(36)

The approximation is then valid if the length of the terms left out is
small with respect to the norm of the vector h,

\h\
(37)

The length Mm, which can also be defined with respect to the identity
matrix or the mass or stiffness matrix, can be as small as required but
would necessitate additional terms in the expansion. For accurate
determination by the modal expansion technique, the smaller Mm
is, the better the partial modal expansion approximation should be.
Were h to be orthogonal to the lowest k — l eigenvectors, Mn would
be equal to 1.

Iterative Least-Squares Method
The least-squares formulation can also be written in a iterative

manner (see Fox and Kapoor2 and Rudisill and Chu6). From Eq. (23),

[K + UWU'}— =
dp

+ a)2M —
dp

(38)

The partial derivative satisfies the equation exactly, whereas for a
vector /, which is an approximation to the sensitivity, it satisfies
the iterative relation

[K + UWU']yl = fc + o)2Myl~ (39)

In the iterative process, the initial derivative on the right-hand
side is set equal to zero and then updated at each iteration until
convergence. For zero weight of the normality and orthogonality
conditions, W = 0, and for a static approximation, a) = 0, this re-
duces to the static result used to accelerate convergence in the modal
method4:

Kyl = f (40)

Householder Adaptation
Although the band structure of the stiffness matrix is de-

stroyed in Eq. (39), the Householder transformation can be used to
solve the preceding system. From the Appendix, the Householder
transformation12 gives

[K + UWUT1 = K~l[K - UB~lUf]K- (41)

in which a much smaller matrix B of dimension k x k needs to be
decomposed, in addition to K, where k is the order of the eigenvalue,
usually a small number, since low frequencies are of interest. The
term B is given by (see the Appendix)

B = W-l + UfK~lU (42)

A Choleski or LDL' (lower triangular-diagonal-lower triangular
transpose) decomposition of K is used rather than its inverse to
maintain the band nature of the matrix operations. With this infor-
mation, the iterative least-squares techniques can be numerically
efficient provided not too many iterations are required.

Convergence of Iterative Method
Andrew7 demonstrated that the technique of Rudisill and Chu6

converged for the sensitivity of the eigenvector. The procedure de-
veloped here also converges. Let 81 be the error between the exact
and approximate yl value of the eigenvector sensitivity and 8l ~l be
the error for the sensitivity at the previous iteration,

dp
-i-i
8 = (43)

Subtraction of Eq. (39) from Eq. (38) and substitution of Eqs. (25)
and (26) yield an expression for the error at the /th iteration,

+ UWU']8l = W
"0 = co2MS'-1 (44)

The error at the previous iteration, 8l ~l, may be written as a linear
sum of the linearly independent eigenvectors:

(45)

The error at the /th iteration 8l is expressible in terms of the modal
matrix 3> and the elements of a diagonal matrix D, from Eqs. (44)
and (45),

(46)

in which the normality and orthogonality conditions with respect
to the mass matrix for the lower modes have been used and the
elements of the D matrix are

da =
for i = l , 2 , . . . ,
for i=k + l,k

(47)
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By performing j-sequential iterations, the error at the y'th iteration
is expressible as

(48)

This error can be made as small as required provided the numerator
of each term is less than the denominator,

0>? +

2

CO2

< I for i = 1,2, . . . ,

for i = 2, . . . , T I (49)

The second of these is automatically satisfied, since the frequencies
are ranked in increasing order and the first requirement gives the
result

for i = l ,2, ...,k (50)

The largest positive right-hand side for the terms / = 1, 2 , . . . , k is
the difference between the &th eigenvalue and the first eigenvalue.
If the weights are all set equal to one value, W, it should be at least
larger than the difference between the fcth and the lowest eigenvalue:

W for = W2 = • • • = W* = W (51)

Thus convergence is assured provided the weights used in the iter-
ative scheme are larger than the values given next,

W >0
W > <D\ - 0)\

W > o> - a>

for coi
for 0)2

for o)k

(52)

Although the weight W needs to be larger than this value to assure
convergence, it is probably not a good idea to set W too large,
since the rank of the matrix U that incorporates the normality and
orthogonality conditions is k, the order of the eigenvalue, which is
much less than n the order of the stiffness matrix. The n x n system
K + UWU' would be nearly singular should the orthogonality and
orthonormality conditions be weighted too highly.

Normality Condition for Constant Element
If the normalization is such that the mth element of the eigenvector

is to be constant, the normality condition is altered to be

(53)

The normality and orthogonality conditions can be formulated as
before but with g and c modified to be

0 (54)

in which 17! is defined as in Eq. (22), except for the last column,
which is

dMfk>
*'!F

dM
**-' 3p

+ — -Mdp

3#-i1 dp M

0

uk =

0

(55)

where the number 1 appears in the mth line.

Orthogonality with Respect to the Stiffness Matrix
The conditions that the vectors be orthogonal with respect to the

stiffness matrix as well as the mass matrix can also be integrated
into the least-squares formulation:

= 0 for i = l ,2, . . . ,£- (56)

which yields the following additional k — I equations when differ-
entiated:

dp dp

0 (57)

in which g2 has one less row than gi and c2 has one less column
than c or c\:

C2 = [01 • (58)

These additional orthogonality conditions can be readily weighted
and added to the earlier conditions with respect to the mass matrix
in the form

[K

in which

VW2V'] — = h2 + o)2M— (59)
dp dp

(60)U = Mci

V = Kc2

The solution of Eq. (59) requires two sequential applications of
the Householder transformation, as shown in the Appendix. The
only large matrix that needs to be decomposed is the n x n stiffness
matrix K, which is symmetric and positive definite. Furthermore,
for a given eigenvalue, it needs to be decomposed only once no
matter how many eigenvector sensitivities are required.

Optimum Iterative Least Squares
Equation (59) can be used for the orthogonality and normality

concepts for which the second Householder transformation dealing
with normality is a scalar. The first decomposition involving the or-
thogonality constraints need only be performed once for each vector.
Thus Eq. (38) may be written as

[K + UWUf + vwv']— = h2 + co2M— (61)
dp dp

in which U has one fewer column,

(62)

The Householder decomposition of the matrix in Eq. (61), which
simplifies to a scalar form, is also given in the Appendix.

Examples
Two examples were programmed in MATLAB to compare eigen-

vector sensitivities of the iterative least-squares technique with those
from a modal expansion from Fox and Kapoor.2 Errors were cal-
culated relative to Nelson's technique as a percentage by using the
length of the error vector obtained by subtracting the vector of the
sensitivity calculated less than that given by Nelson's method that
was then divided by the length of Nelson's sensitivity vector. Initial
sensitivity in the iterative least-squares technique was assumed to
be the zero vector.

U = M[0i 02
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5.0m 5.0m

Fig. 1 GARTEUR2 structure.

5.0m

Table 1 Thirty-two DOF with five modes (W = Table 3 GARTEUR2 (10 modes, W = a;2)

Method
flops
CPU(s)
method
mode

1
2
3
4
5

Nelson
65891
0.14
least

no. iter.

9
15
20
24
29

Iterative
581122

0.95
squares
error, %

1.50£-5
5.62£-5
1.02£-4
2.55£-4
3.89£-4

Modal
14041
0.01

modal
error, %

1.47
2.95
4.52
6.48

10.56

Table 2 Parameters for GARTEUR2

Young's modulus
Mass density
Moment of inertia
Area of verticals
Area of horizontals
Area of diagonals

£ = 0.75 x 1011 Pa
p = 2800 kg nr3

/ = 0.0765 m4

Av = 0.006 m2

Av = 0.004 m2

Av = 0.003 m2

In the first case with 32 degrees of freedom, the mass matrix is
the identity matrix and the stiffness matrix is tridiagonal:

K =
-*2

0
0

0
0

k 1 4- k —k»v/j — i i *^n ^n

—k k/VM IV/7

(63)

The sensitivity of the first five eigenvectors was calculated with
respect to k2 for all k equal to 1. Table 1 gives the number of flops
and CPU time required for the methods as well as the relative error
in percentages.

A weight equal to twice the eigenvalue was used to weigh the
normality and orthogonality conditions in the iterative procedure.

The second example, shown in Fig. 1 and termed GARTEUR2,13

has 78 beam elements with 72 nodes with three degrees of freedom
per node for a total of 216 degrees of freedom.

The geometrical and material parameters for the structure are
given in Table 2. Ten modes were used to calculate the sensitivity
of the first 10 modes for one of the parameters highlighted in Fig. 1.
A weight equal to the eigenvalue was used for this example. The
results for this are given in Table 3.

The iterative least-squares method requires more CPU time and
requires more flops than the modal expansion, whereas Nelson's
technique falls somewhere in between. The modal expansion
method would require more time for more precision particularly
since additional modes would need to be included for greater accu-
racy. The added time and calculations of the iterative least-square
technique are due primarily to the large number of iterations re-
quired. It has more accurate results, however, than the modal ex-
pansion method.

Method
flops
CPU(s)
method
mode

1
2
3
4
5
6
7
8
9

10

Nelson
6.35£6

4.76
least

no. iter.

10
17
30
23
31
94
31
51
44

131

Iterative
1.04£8
36.75

squares
error, %

7.45£-8
2.29£-4
1.91 £-2
3.90£-2
9.89£-2
1.60£-1
1.90£-1
1.24£-1
3.69£-l
2.78

Modal
1.03£6

0.12
modal

error, %

1.82£-3
2.77£-2
6.69£-l
4.74£-l
3.20
2.37
3.84
5.13

33.90
73.26

Conclusions
In 1968, Fox and Kapoor2 presented two techniques for calcu-

lating the sensitivity of eigenvectors, one iterative in nature and the
other based on a modal expansion of the sensitivity. With regard
to convergence of the modal expansion technique, they commented
that the method "is being explored at this writing, but current results
are inconclusive." In this paper, we show that the modal expansion
scheme leads to a formulation for which the terms due to the higher
modes can be larger than those from the lower modes, thus rendering
it questionable in most applications since it could have considerable
error. We present two criteria that can be used to assess the results
obtained by the modal expansion technique.

More importantly, the iterative scheme developed by Fox and
Kapoor,2 when supplemented by orthogonality conditions incorpo-
rated by Rudisill and Chu,6 which are appropriately weighted, is
show^ fc converge. To assure convergence, we develop the expres-
sion for the minimum weight to be applied to the normality and
orthogonality conditions. The weight of each condition should be
at least equal to the difference between the eigenvalue whose eigen-
vector sensitivity is being calculated and the lowest eigenvalue.

Because of the form of the equations, a Householder transforma-
tion can be used to iteratively solve for the eigenvector sensitivity.
The only large matrix that needs to be decomposed is the stiffness
matrix for all eigenvector sensitivity calculations and for any num-
ber of eigenvalues or parameters for which sensitivity is needed.
Should the sensitivity of only one eigenvector be needed, however,
Nelson's method is still the best method since only one decompo-
sition of an n x n band matrix is needed. For the two numerical
examples tested here, Nelson's method outperformed the iterative
least-squares method presented here regardless of the number of
eigenvector sensitivities sought.

Appendix: Householder Transformation
From Eqs. (41) and (42) the proof of the Householder trans-

formation13 is relatively straightforward by showing that the matrix
times its inverse equals the identity matrix:
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[K + UWU'][K~l - K~lU[W

= KK~l + UWU'K'1 - U[W~l + UfK-lUr

- UWU'K~lU[W~l + UfK~lUrlUfK~l = I

+ UW[I - [W~l + U'K~lU][W~l + U'K-1U]

(Al)
The double Householder decomposition of Eq. (59) is given by

[K + UWiU' + V W2VTl = [fi + VW2VTl

(A2)

in which
Q-1 = [K

x [W~l + U f K - l U ] ~ l U f K ~ l (A3)

In the case where the normality constraint is separated from the or-
thogonality constraints, Eq. (61), these equations reduce further to
one matrix Householder decomposition for the orthogonality con-
straints and one scalar decomposition for the normality constraint,

[K + UWUf + vwvT1 = [Q

rfi-Wg (A4)

where Q~l is defined in Eq. (A3).
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